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MRI Background

https://www.mountnittany.org/assets/images/krames/Image_201608102119_2786.jpg
http://xrayphysics.com/se_diag_wgrad.png

Patient in MRI scanner

Measurements are collected

Pulse sequence controls MRI signal

Image is reconstructed



Data Redundancy
Redundancy reduces sampling requirements

(The more you know, the less you need)
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From M. Lustig



Collecting (less) data
• Scan time is proportional to number of measurements
• Collect less data à scan faster!
• Under-sampling causes artifacts

image space k-space
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Collecting (less) data
• Scan time is proportional to number of measurements
• Collect less data à scan faster!
• Under-sampling causes artifacts
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66% of samples
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How is this possible?



Compressed sensing recipe
1. Sparse signal model

2. Incoherent sensing operator

3. Non-linear reconstruction algorithm



Sparsity vs. Noise
• A signal is sparse if it is mostly zero

Sparse Not sparse



Sparsity vs. Noise
Not sparseSparse

From J. Trzasko



Sparsity vs. Noise

From J. Trzasko



Sparsity vs. Noise
• To separate sparsity from noise…

…apply a threshold!

denoise/separate 
by threshold



1. Under-sampled k-space 2. Image with noise-like artifacts

3. ???

(not sparse!)



1. Under-sampled k-space 2. Image with noise-like artifacts

3. ???

(not sparse!)

Cannot easily remove noise
if image is not sparse



Transform Sparsity
• Most medical images are sparse in an alternative representation

not sparse sparse edges



Transform Sparsity
• Most medical images are sparse in an alternative representation

not sparse sparse wavelet



Transform Sparsity
• Most medical images are sparse in an alternative representation

not sparse
sparse temporal
finite differences

sparse temporal
frequency

From J. Cheng



Transform Sparsity
1. Transform the image to a sparse domain
2. Apply denoising/thresholding
3. Transform back to the image domain

sparsenot sparse denoised

From M. Lustig



Transform Sparsity
1. Transform the image to a sparse domain
2. Apply denoising/thresholding
3. Transform back to the image domain

sparsenot sparse denoised

From M. Lustig

wavelet denoising



1. Under-sampled k-space 2. Image with noise-like artifacts 3. Sparse transform

6. ???

4. Denoising5. Inverse transform



1. Under-sampled k-space 2. Image with noise-like artifacts 3. Sparse transform

5. ???

3. Denoising4. Inverse transform

Our new image is not perfectly denoised. Why?



Iterative noise removal
• “Noise-like” artifacts are not actually due to noise
• They are due to under-sampling of k-space

Intuitive idea: After denoising the image, compare and 
fuse the new k-space with our acquired k-space.

Then re-apply the process



Acquired Data

Sparse “denoising”

From M. Lustig

Compressed Sensing
Reconstruction



Acquired Data

Sparse “denoising”

From M. Lustig

Compressed Sensing
Reconstruction



Acquired Data

Sparse “denoising”Undersampled Final Image

Compressed Sensing
Reconstruction

Tutorial & code available at http://www.mlustig.com
From M. Lustig

http://www.mlustig.com/


Why random sampling?
• Intuition: random sampling causes noise-like aliasing artifacts

• Theory: want an incoherent sensing operator



Traditional sensing
• Make N linear measurements

x 2 CN
<latexit sha1_base64="IyTX4QrNxL1SsEqiDslwZ+POvs0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4KtOHtN0Vu3ElFewDOmPJpJk2NJMZkoxYhoIbf8WNC0Xc+hPu/BsznRZU9EDg5Jx7ufceN2RUKsv6NJaWV1bX1jMb2c2t7Z1dc2+/LYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx133Ej8zi0Rkgb8Wk1C4vhoyKlHMVJa6puHto/UyPXgHbQph+nPjRvTm8u+mbPytVqpXK3AlJwtSKUMC3lrhhyYo9k3P+xBgCOfcIUZkrJXsELlxEgoihmZZu1IkhDhMRqSnqYc+UQ68eyGKTzRygB6gdCPKzhTv3fEyJdy4ru6MtlR/vYS8S+vFymv6sSUh5EiHKeDvIhBFcAkEDiggmDFJpogLKjeFeIREggrHVtWh7C4FP5P2sV8oZQvXpVz9fN5HBlwBI7BKSiACqiDC9AELYDBPXgEz+DFeDCejFfjLS1dMuY9B+AHjPcv18+Xrg==</latexit>

N ⇥N
<latexit sha1_base64="YTpQS1X5Tx81kKchDJi7+R/IeVQ=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jaSttb0YunUsG2ShvKZrtpl242YXcilNBf4cWDIl79Od78N26/QEUfDDzem2Fmnh8LrsFxPq3M2vrG5lZ2O7ezu7d/kD88ausoUZS1aCQidecTzQSXrAUcBLuLFSOhL1jHH1/N/M4DU5pH8hYmMfNCMpQ84JSAke4bPeAh07jRzxccu1YrlasVvCAXK1IpY9d25iigJZr9/EdvENEkZBKoIFp3XScGLyUKOBVsmuslmsWEjsmQdQ2VxKzx0vnBU3xmlAEOImVKAp6r3ydSEmo9CX3TGRIY6d/eTPzL6yYQVL2UyzgBJuliUZAIDBGefY8HXDEKYmIIoYqbWzEdEUUomIxyJoTVp/h/0i7absku3pQL9ctlHFl0gk7ROXJRBdXRNWqiFqIoRI/oGb1YynqyXq23RWvGWs4cox+w3r8A7rGQgw==</latexit>

=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>y 2 CN
<latexit sha1_base64="gL5ubFOUnAXDKutUQKcJCo02bcI=">AAACA3icdVDLSgMxFM3UV62vUXe6CRbBVZk+pO2u2I0rqWAf0Kklk2ba0ExmSDLCMBTc+CtuXCji1p9w59+Y6bSgogcCJ+fcy733OAGjUlnWp5FZWV1b38hu5ra2d3b3zP2DjvRDgUkb+8wXPQdJwignbUUVI71AEOQ5jHSdaTPxu3dESOrzGxUFZOChMacuxUhpaWge2R5SE8eFEbQph+nPiZuz26uhmbcK9Xq5UqvClJwvSbUCiwVrjjxYoDU0P+yRj0OPcIUZkrJftAI1iJFQFDMyy9mhJAHCUzQmfU058ogcxPMbZvBUKyPo+kI/ruBc/d4RI0/KyHN0ZbKj/O0l4l9eP1RubRBTHoSKcJwOckMGlQ+TQOCICoIVizRBWFC9K8QTJBBWOracDmF5KfyfdEqFYrlQuq7kGxeLOLLgGJyAM1AEVdAAl6AF2gCDe/AInsGL8WA8Ga/GW1qaMRY9h+AHjPcv2WSXrw==</latexit>

A 2 CN⇥N
<latexit sha1_base64="2ExtWQJp9xCVnkOkQ7lV6Xpnm8I=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVWbaSttdtRtXpYJ9QKeWTJppQzOZIckIZZgfcOOvuHGhiFv37vwb0xeo6IHAyTn3cu89bsioVJb1aaRWVtfWN9Kbma3tnd09c/+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213XJv67TsiJA34jZqEpOejIacexUhpqW+eOD5SI9eDF9ChHM5/blxLbuO6o6hPJKwnfTNr5SqVQrFcgnNyviSlIrRz1gxZsECjb344gwBHPuEKMyRl17ZC1YuRUBQzkmScSJIQ4TEakq6mHOk5vXh2TQJPtTKAXiD04wrO1O8dMfKlnPiurpxuK397U/Evrxspr9yLKQ8jRTieD/IiBlUAp9HAARUEKzbRBGFB9a4Qj5BAWOkAMzqE5aXwf9LK5+xCLn9dzFYvF3GkwRE4BmfABiVQBVegAZoAg3vwCJ7Bi/FgPBmvxtu8NGUseg7BDxjvX0scm78=</latexit>

Sensing operator

Diagonal system



Traditional sensing
• Make N linear measurements

x 2 CN
<latexit sha1_base64="IyTX4QrNxL1SsEqiDslwZ+POvs0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4KtOHtN0Vu3ElFewDOmPJpJk2NJMZkoxYhoIbf8WNC0Xc+hPu/BsznRZU9EDg5Jx7ufceN2RUKsv6NJaWV1bX1jMb2c2t7Z1dc2+/LYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx133Ej8zi0Rkgb8Wk1C4vhoyKlHMVJa6puHto/UyPXgHbQph+nPjRvTm8u+mbPytVqpXK3AlJwtSKUMC3lrhhyYo9k3P+xBgCOfcIUZkrJXsELlxEgoihmZZu1IkhDhMRqSnqYc+UQ68eyGKTzRygB6gdCPKzhTv3fEyJdy4ru6MtlR/vYS8S+vFymv6sSUh5EiHKeDvIhBFcAkEDiggmDFJpogLKjeFeIREggrHVtWh7C4FP5P2sV8oZQvXpVz9fN5HBlwBI7BKSiACqiDC9AELYDBPXgEz+DFeDCejFfjLS1dMuY9B+AHjPcv18+Xrg==</latexit>

N ⇥N
<latexit sha1_base64="YTpQS1X5Tx81kKchDJi7+R/IeVQ=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jaSttb0YunUsG2ShvKZrtpl242YXcilNBf4cWDIl79Od78N26/QEUfDDzem2Fmnh8LrsFxPq3M2vrG5lZ2O7ezu7d/kD88ausoUZS1aCQidecTzQSXrAUcBLuLFSOhL1jHH1/N/M4DU5pH8hYmMfNCMpQ84JSAke4bPeAh07jRzxccu1YrlasVvCAXK1IpY9d25iigJZr9/EdvENEkZBKoIFp3XScGLyUKOBVsmuslmsWEjsmQdQ2VxKzx0vnBU3xmlAEOImVKAp6r3ydSEmo9CX3TGRIY6d/eTPzL6yYQVL2UyzgBJuliUZAIDBGefY8HXDEKYmIIoYqbWzEdEUUomIxyJoTVp/h/0i7absku3pQL9ctlHFl0gk7ROXJRBdXRNWqiFqIoRI/oGb1YynqyXq23RWvGWs4cox+w3r8A7rGQgw==</latexit>

=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>y 2 CN
<latexit sha1_base64="gL5ubFOUnAXDKutUQKcJCo02bcI=">AAACA3icdVDLSgMxFM3UV62vUXe6CRbBVZk+pO2u2I0rqWAf0Kklk2ba0ExmSDLCMBTc+CtuXCji1p9w59+Y6bSgogcCJ+fcy733OAGjUlnWp5FZWV1b38hu5ra2d3b3zP2DjvRDgUkb+8wXPQdJwignbUUVI71AEOQ5jHSdaTPxu3dESOrzGxUFZOChMacuxUhpaWge2R5SE8eFEbQph+nPiZuz26uhmbcK9Xq5UqvClJwvSbUCiwVrjjxYoDU0P+yRj0OPcIUZkrJftAI1iJFQFDMyy9mhJAHCUzQmfU058ogcxPMbZvBUKyPo+kI/ruBc/d4RI0/KyHN0ZbKj/O0l4l9eP1RubRBTHoSKcJwOckMGlQ+TQOCICoIVizRBWFC9K8QTJBBWOracDmF5KfyfdEqFYrlQuq7kGxeLOLLgGJyAM1AEVdAAl6AF2gCDe/AInsGL8WA8Ga/GW1qaMRY9h+AHjPcv2WSXrw==</latexit>

A 2 CN⇥N
<latexit sha1_base64="2ExtWQJp9xCVnkOkQ7lV6Xpnm8I=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVWbaSttdtRtXpYJ9QKeWTJppQzOZIckIZZgfcOOvuHGhiFv37vwb0xeo6IHAyTn3cu89bsioVJb1aaRWVtfWN9Kbma3tnd09c/+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213XJv67TsiJA34jZqEpOejIacexUhpqW+eOD5SI9eDF9ChHM5/blxLbuO6o6hPJKwnfTNr5SqVQrFcgnNyviSlIrRz1gxZsECjb344gwBHPuEKMyRl17ZC1YuRUBQzkmScSJIQ4TEakq6mHOk5vXh2TQJPtTKAXiD04wrO1O8dMfKlnPiurpxuK397U/Evrxspr9yLKQ8jRTieD/IiBlUAp9HAARUEKzbRBGFB9a4Qj5BAWOkAMzqE5aXwf9LK5+xCLn9dzFYvF3GkwRE4BmfABiVQBVegAZoAg3vwCJ7Bi/FgPBmvxtu8NGUseg7BDxjvX0scm78=</latexit>

Sensing operator

Fourier 
measurements



Traditional sensing
• Make N linear measurements

x 2 CN
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=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>y 2 CN
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Sensing operator

Random 
measurements



Fourier 
measurements

Traditional sensing
• Make N linear measurements

x 2 CN
<latexit sha1_base64="IyTX4QrNxL1SsEqiDslwZ+POvs0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4KtOHtN0Vu3ElFewDOmPJpJk2NJMZkoxYhoIbf8WNC0Xc+hPu/BsznRZU9EDg5Jx7ufceN2RUKsv6NJaWV1bX1jMb2c2t7Z1dc2+/LYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx133Ej8zi0Rkgb8Wk1C4vhoyKlHMVJa6puHto/UyPXgHbQph+nPjRvTm8u+mbPytVqpXK3AlJwtSKUMC3lrhhyYo9k3P+xBgCOfcIUZkrJXsELlxEgoihmZZu1IkhDhMRqSnqYc+UQ68eyGKTzRygB6gdCPKzhTv3fEyJdy4ru6MtlR/vYS8S+vFymv6sSUh5EiHKeDvIhBFcAkEDiggmDFJpogLKjeFeIREggrHVtWh7C4FP5P2sV8oZQvXpVz9fN5HBlwBI7BKSiACqiDC9AELYDBPXgEz+DFeDCejFfjLS1dMuY9B+AHjPcv18+Xrg==</latexit>

N ⇥N
<latexit sha1_base64="YTpQS1X5Tx81kKchDJi7+R/IeVQ=">AAAB8HicdVBNS8NAEN3Ur1q/qh69LBbBU0jaSttb0YunUsG2ShvKZrtpl242YXcilNBf4cWDIl79Od78N26/QEUfDDzem2Fmnh8LrsFxPq3M2vrG5lZ2O7ezu7d/kD88ausoUZS1aCQidecTzQSXrAUcBLuLFSOhL1jHH1/N/M4DU5pH8hYmMfNCMpQ84JSAke4bPeAh07jRzxccu1YrlasVvCAXK1IpY9d25iigJZr9/EdvENEkZBKoIFp3XScGLyUKOBVsmuslmsWEjsmQdQ2VxKzx0vnBU3xmlAEOImVKAp6r3ydSEmo9CX3TGRIY6d/eTPzL6yYQVL2UyzgBJuliUZAIDBGefY8HXDEKYmIIoYqbWzEdEUUomIxyJoTVp/h/0i7absku3pQL9ctlHFl0gk7ROXJRBdXRNWqiFqIoRI/oGb1YynqyXq23RWvGWs4cox+w3r8A7rGQgw==</latexit>

=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>y 2 CN
<latexit sha1_base64="gL5ubFOUnAXDKutUQKcJCo02bcI=">AAACA3icdVDLSgMxFM3UV62vUXe6CRbBVZk+pO2u2I0rqWAf0Kklk2ba0ExmSDLCMBTc+CtuXCji1p9w59+Y6bSgogcCJ+fcy733OAGjUlnWp5FZWV1b38hu5ra2d3b3zP2DjvRDgUkb+8wXPQdJwignbUUVI71AEOQ5jHSdaTPxu3dESOrzGxUFZOChMacuxUhpaWge2R5SE8eFEbQph+nPiZuz26uhmbcK9Xq5UqvClJwvSbUCiwVrjjxYoDU0P+yRj0OPcIUZkrJftAI1iJFQFDMyy9mhJAHCUzQmfU058ogcxPMbZvBUKyPo+kI/ruBc/d4RI0/KyHN0ZbKj/O0l4l9eP1RubRBTHoSKcJwOckMGlQ+TQOCICoIVizRBWFC9K8QTJBBWOracDmF5KfyfdEqFYrlQuq7kGxeLOLLgGJyAM1AEVdAAl6AF2gCDe/AInsGL8WA8Ga/GW1qaMRY9h+AHjPcv2WSXrw==</latexit>

A 2 CN⇥N
<latexit sha1_base64="2ExtWQJp9xCVnkOkQ7lV6Xpnm8I=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVWbaSttdtRtXpYJ9QKeWTJppQzOZIckIZZgfcOOvuHGhiFv37vwb0xeo6IHAyTn3cu89bsioVJb1aaRWVtfWN9Kbma3tnd09c/+gJYNIYNLEAQtEx0WSMMpJU1HFSCcUBPkuI213XJv67TsiJA34jZqEpOejIacexUhpqW+eOD5SI9eDF9ChHM5/blxLbuO6o6hPJKwnfTNr5SqVQrFcgnNyviSlIrRz1gxZsECjb344gwBHPuEKMyRl17ZC1YuRUBQzkmScSJIQ4TEakq6mHOk5vXh2TQJPtTKAXiD04wrO1O8dMfKlnPiurpxuK397U/Evrxspr9yLKQ8jRTieD/IiBlUAp9HAARUEKzbRBGFB9a4Qj5BAWOkAMzqE5aXwf9LK5+xCLn9dzFYvF3GkwRE4BmfABiVQBVegAZoAg3vwCJ7Bi/FgPBmvxtu8NGUseg7BDxjvX0scm78=</latexit>

Sensing operator

A “good” sensing matrix is orthogonal

AH
<latexit sha1_base64="OHdCord6JHdcYWZxi+r+sKBcZlE=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTddVrCt0BlLJs20oZkHSUYoQ3/DjQtF3Poz7vwbM32Aih4IHM65l3tyvJgzqSzr08itrW9sbuW3Czu7e/sHxcOjrowSQWiHRDwSdx6WlLOQdhRTnN7FguLA47TnTa4zv/dAhWRReKumMXUDPAqZzwhWWnKcAKux56PL+xYaFEuW2WhUqvUaWpCLFalVkW1ac5Rgifag+OEMI5IENFSEYyn7thUrN8VCMcLprOAkksaYTPCI9jUNcUClm84zz9CZVobIj4R+oUJz9ftGigMpp4GnJ7OM8reXiX95/UT5dTdlYZwoGpLFIT/hSEUoKwANmaBE8akmmAimsyIyxgITpWsq6BJWP0X/k27ZtCtm+aZaal4t68jDCZzCOdhQgya0oA0dIBDDIzzDi5EYT8ar8bYYzRnLnWP4AeP9C4QjkVw=</latexit>

A
<latexit sha1_base64="TxzSYQ6a+Jc0ClVWii3FK2SbBrI=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3pi9Q0QOBwzn3knOPH3OmtON8Wpm19Y3Nrex2bmd3b/8gf3jUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp757QcqFYvCOz2JqSfwMGQBI1gb6b4nsB75Abrs5wuOXauVytUKWpCLFamUkWs7cxRgiUY//9EbRCQRNNSEY6W6rhNrL8VSM8LpNNdLFI0xGeMh7RoaYkGVl84DT9GZUQYoiKR5oUZz9ftGioVSE+GbyVlA9dubiX953UQHVS9lYZxoGpLFR0HCkY7Q7Ho0YJISzSeGYCKZyYrICEtMtOkoZ0pYXYr+J62i7Zbs4m25UL9a1pGFEziFc3ChAnW4gQY0gYCAR3iGF0taT9ar9bYYzVjLnWP4Aev9C956kHg=</latexit>

=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit> I
<latexit sha1_base64="J8V+4b1Bu6oK9AgCnrThILwSYFY=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213RTe6q2Af0g4lk2ba0GRmSDJCGfoVblwo4tbPceffmL5ARQ8EDufcS849fsyZ0o7zaWXW1jc2t7LbuZ3dvf2D/OFRS0WJJLRJIh7Jjo8V5SykTc00p51YUix8Ttv++Grmtx+oVCwK7/Qkpp7Aw5AFjGBtpPuewHrkB+imny84dq1WKlcraEEuVqRSRq7tzFGAJRr9/EdvEJFE0FATjpXquk6svRRLzQin01wvUTTGZIyHtGtoiAVVXjoPPEVnRhmgIJLmhRrN1e8bKRZKTYRvJmcB1W9vJv7ldRMdVL2UhXGiaUgWHwUJRzpCs+vRgElKNJ8YgolkJisiIywx0aajnClhdSn6n7SKtluyi7flQv1yWUcWTuAUzsGFCtThGhrQBAICHuEZXixpPVmv1ttiNGMtd47hB6z3L+qakIA=</latexit>



Compressed sensing
• Assumption: x is a K-sparse signal (K << N)
• Make M (K < M < N) incoherent linear measurements

x 2 CN
<latexit sha1_base64="IyTX4QrNxL1SsEqiDslwZ+POvs0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4KtOHtN0Vu3ElFewDOmPJpJk2NJMZkoxYhoIbf8WNC0Xc+hPu/BsznRZU9EDg5Jx7ufceN2RUKsv6NJaWV1bX1jMb2c2t7Z1dc2+/LYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx133Ej8zi0Rkgb8Wk1C4vhoyKlHMVJa6puHto/UyPXgHbQph+nPjRvTm8u+mbPytVqpXK3AlJwtSKUMC3lrhhyYo9k3P+xBgCOfcIUZkrJXsELlxEgoihmZZu1IkhDhMRqSnqYc+UQ68eyGKTzRygB6gdCPKzhTv3fEyJdy4ru6MtlR/vYS8S+vFymv6sSUh5EiHKeDvIhBFcAkEDiggmDFJpogLKjeFeIREggrHVtWh7C4FP5P2sV8oZQvXpVz9fN5HBlwBI7BKSiACqiDC9AELYDBPXgEz+DFeDCejFfjLS1dMuY9B+AHjPcv18+Xrg==</latexit>

K non-zeros

=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>y 2 CM
<latexit sha1_base64="A289YLsKCXxH39jGrA5vKR1cqCg=">AAACA3icdVDLSgMxFM3UV62vUXe6CRbBVZk+pO2u2I0boYJ9QKeWTJppQzOZIckIw1Bw46+4caGIW3/CnX9jptOCih4InJxzL/fe4wSMSmVZn0ZmZXVtfSO7mdva3tndM/cPOtIPBSZt7DNf9BwkCaOctBVVjPQCQZDnMNJ1ps3E794RIanPb1QUkIGHxpy6FCOlpaF5ZHtITRwXRtCmHKY/J27Obq+GZt4q1OvlSq0KU3K+JNUKLBasOfJggdbQ/LBHPg49whVmSMp+0QrUIEZCUczILGeHkgQIT9GY9DXlyCNyEM9vmMFTrYyg6wv9uIJz9XtHjDwpI8/RlcmO8reXiH95/VC5tUFMeRAqwnE6yA0ZVD5MAoEjKghWLNIEYUH1rhBPkEBY6dhyOoTlpfB/0ikViuVC6bqSb1ws4siCY3ACzkARVEEDXIIWaAMM7sEjeAYvxoPxZLwab2lpxlj0HIIfMN6/ANfgl64=</latexit>

M ⇥N
<latexit sha1_base64="qQXrdI6NqxjV6ucy7ygm88nb1ZY=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbtJJMkt6MWLEsE8JFnC7GQ2GTKzu8z0CmHJV3jxoIhXP8ebf+PkBSpa0FBUddPd5ceCa3CcT2tldW19YzOzld3e2d3bzx0cNnWUKMoaNBKRavtEM8FD1gAOgrVjxYj0BWv5o8up33pgSvMovINxzDxJBiEPOCVgpPvrLnDJNL7p5fKOXa0WS5UynpPzJSmXsGs7M+TRAvVe7qPbj2giWQhUEK07rhODlxIFnAo2yXYTzWJCR2TAOoaGxKzx0tnBE3xqlD4OImUqBDxTv0+kRGo9lr7plASG+rc3Ff/yOgkEFS/lYZwAC+l8UZAIDBGefo/7XDEKYmwIoYqbWzEdEkUomIyyJoTlp/h/0izYbtEu3JbytYtFHBl0jE7QGXJRGdXQFaqjBqJIokf0jF4sZT1Zr9bbvHXFWswcoR+w3r8A7SWQgg==</latexit>

A 2 CM⇥N
<latexit sha1_base64="P7yau49DaX5UWgMKhg35Le9wTes=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVWbaSttdtRs3SgX7gE4tmTTThmYyQ5IRyjA/4MZfceNCEbfu3fk3pi9Q0QOBk3Pu5d573JBRqSzr00gtLa+srqXXMxubW9s75u5eUwaRwKSBAxaItoskYZSThqKKkXYoCPJdRlruqDbxW3dESBrwGzUOSddHA049ipHSUs88cnykhq4Hz6BDOZz93LiW3MaXjqI+kfAq6ZlZK1epFIrlEpyR0wUpFaGds6bIgjnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTjRJKECI/QgHQ05UjP6cbTaxJ4rJU+9AKhH1dwqn7viJEv5dh3deVkW/nbm4h/eZ1IeeVuTHkYKcLxbJAXMagCOIkG9qkgWLGxJggLqneFeIgEwkoHmNEhLC6F/5NmPmcXcvnrYrZ6Po8jDQ7AITgBNiiBKrgAddAAGNyDR/AMXowH48l4Nd5mpSlj3rMPfsB4/wJJj5u+</latexit>



Compressed sensing
• Assumption: x is a K-sparse signal (K << N)
• Make M (K < M < N) incoherent linear measurements

x 2 CN
<latexit sha1_base64="IyTX4QrNxL1SsEqiDslwZ+POvs0=">AAACA3icdVDLSgMxFM34rPU16k43wSK4KtOHtN0Vu3ElFewDOmPJpJk2NJMZkoxYhoIbf8WNC0Xc+hPu/BsznRZU9EDg5Jx7ufceN2RUKsv6NJaWV1bX1jMb2c2t7Z1dc2+/LYNIYNLCAQtE10WSMMpJS1HFSDcUBPkuIx133Ej8zi0Rkgb8Wk1C4vhoyKlHMVJa6puHto/UyPXgHbQph+nPjRvTm8u+mbPytVqpXK3AlJwtSKUMC3lrhhyYo9k3P+xBgCOfcIUZkrJXsELlxEgoihmZZu1IkhDhMRqSnqYc+UQ68eyGKTzRygB6gdCPKzhTv3fEyJdy4ru6MtlR/vYS8S+vFymv6sSUh5EiHKeDvIhBFcAkEDiggmDFJpogLKjeFeIREggrHVtWh7C4FP5P2sV8oZQvXpVz9fN5HBlwBI7BKSiACqiDC9AELYDBPXgEz+DFeDCejFfjLS1dMuY9B+AHjPcv18+Xrg==</latexit>=<latexit sha1_base64="PcSRjNV0J+jbXh2Wy2VDmcR9lRk=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtJJMlBCHrxmIB5QLKE2clsMmZ2dpmZFcKSL/DiQRGvfpI3/8bJC1S0oKGo6qa7y485U9pxPq219Y3Nre3MTnZ3b//gMHd03FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e0HKhWLxJ2exNQL8VCwgBGsjdS46ufyjl2tFkuVMlqQyxUpl5BrO3PkYYl6P/fRG0QkCanQhGOluq4Tay/FUjPC6TTbSxSNMRnjIe0aKnBIlZfOD52ic6MMUBBJU0Kjufp9IsWhUpPQN50h1iP125uJf3ndRAcVL2UiTjQVZLEoSDjSEZp9jQZMUqL5xBBMJDO3IjLCEhNtssmaEFafov9Jq2C7RbvQKOVr18s4MnAKZ3ABLpShBrdQhyYQoPAIz/Bi3VtP1qv1tmhds5YzJ/AD1vsXMfiNNg==</latexit>

K non-zeros

y 2 CM
<latexit sha1_base64="A289YLsKCXxH39jGrA5vKR1cqCg=">AAACA3icdVDLSgMxFM3UV62vUXe6CRbBVZk+pO2u2I0boYJ9QKeWTJppQzOZIckIw1Bw46+4caGIW3/CnX9jptOCih4InJxzL/fe4wSMSmVZn0ZmZXVtfSO7mdva3tndM/cPOtIPBSZt7DNf9BwkCaOctBVVjPQCQZDnMNJ1ps3E794RIanPb1QUkIGHxpy6FCOlpaF5ZHtITRwXRtCmHKY/J27Obq+GZt4q1OvlSq0KU3K+JNUKLBasOfJggdbQ/LBHPg49whVmSMp+0QrUIEZCUczILGeHkgQIT9GY9DXlyCNyEM9vmMFTrYyg6wv9uIJz9XtHjDwpI8/RlcmO8reXiH95/VC5tUFMeRAqwnE6yA0ZVD5MAoEjKghWLNIEYUH1rhBPkEBY6dhyOoTlpfB/0ikViuVC6bqSb1ws4siCY3ACzkARVEEDXIIWaAMM7sEjeAYvxoPxZLwab2lpxlj0HIIfMN6/ANfgl64=</latexit>

M ⇥N
<latexit sha1_base64="qQXrdI6NqxjV6ucy7ygm88nb1ZY=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBA8LbtJJMkt6MWLEsE8JFnC7GQ2GTKzu8z0CmHJV3jxoIhXP8ebf+PkBSpa0FBUddPd5ceCa3CcT2tldW19YzOzld3e2d3bzx0cNnWUKMoaNBKRavtEM8FD1gAOgrVjxYj0BWv5o8up33pgSvMovINxzDxJBiEPOCVgpPvrLnDJNL7p5fKOXa0WS5UynpPzJSmXsGs7M+TRAvVe7qPbj2giWQhUEK07rhODlxIFnAo2yXYTzWJCR2TAOoaGxKzx0tnBE3xqlD4OImUqBDxTv0+kRGo9lr7plASG+rc3Ff/yOgkEFS/lYZwAC+l8UZAIDBGefo/7XDEKYmwIoYqbWzEdEkUomIyyJoTlp/h/0izYbtEu3JbytYtFHBl0jE7QGXJRGdXQFaqjBqJIokf0jF4sZT1Zr9bbvHXFWswcoR+w3r8A7SWQgg==</latexit>

A 2 CM⇥N
<latexit sha1_base64="P7yau49DaX5UWgMKhg35Le9wTes=">AAACDXicdVDLSgMxFM3UV62vUZduglVwVWbaSttdtRs3SgX7gE4tmTTThmYyQ5IRyjA/4MZfceNCEbfu3fk3pi9Q0QOBk3Pu5d573JBRqSzr00gtLa+srqXXMxubW9s75u5eUwaRwKSBAxaItoskYZSThqKKkXYoCPJdRlruqDbxW3dESBrwGzUOSddHA049ipHSUs88cnykhq4Hz6BDOZz93LiW3MaXjqI+kfAq6ZlZK1epFIrlEpyR0wUpFaGds6bIgjnqPfPD6Qc48glXmCEpO7YVqm6MhKKYkSTjRJKECI/QgHQ05UjP6cbTaxJ4rJU+9AKhH1dwqn7viJEv5dh3deVkW/nbm4h/eZ1IeeVuTHkYKcLxbJAXMagCOIkG9qkgWLGxJggLqneFeIgEwkoHmNEhLC6F/5NmPmcXcvnrYrZ6Po8jDQ7AITgBNiiBKrgAddAAGNyDR/AMXowH48l4Nd5mpSlj3rMPfsB4/wJJj5u+</latexit>

A “good” compressed sensing matrix is incoherent,
i.e. approximately orthogonal

AH
<latexit sha1_base64="OHdCord6JHdcYWZxi+r+sKBcZlE=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTddVrCt0BlLJs20oZkHSUYoQ3/DjQtF3Poz7vwbM32Aih4IHM65l3tyvJgzqSzr08itrW9sbuW3Czu7e/sHxcOjrowSQWiHRDwSdx6WlLOQdhRTnN7FguLA47TnTa4zv/dAhWRReKumMXUDPAqZzwhWWnKcAKux56PL+xYaFEuW2WhUqvUaWpCLFalVkW1ac5Rgifag+OEMI5IENFSEYyn7thUrN8VCMcLprOAkksaYTPCI9jUNcUClm84zz9CZVobIj4R+oUJz9ftGigMpp4GnJ7OM8reXiX95/UT5dTdlYZwoGpLFIT/hSEUoKwANmaBE8akmmAimsyIyxgITpWsq6BJWP0X/k27ZtCtm+aZaal4t68jDCZzCOdhQgya0oA0dIBDDIzzDi5EYT8ar8bYYzRnLnWP4AeP9C4QjkVw=</latexit>

A
<latexit sha1_base64="TxzSYQ6a+Jc0ClVWii3FK2SbBrI=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3pi9Q0QOBwzn3knOPH3OmtON8Wpm19Y3Nrex2bmd3b/8gf3jUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp757QcqFYvCOz2JqSfwMGQBI1gb6b4nsB75Abrs5wuOXauVytUKWpCLFamUkWs7cxRgiUY//9EbRCQRNNSEY6W6rhNrL8VSM8LpNNdLFI0xGeMh7RoaYkGVl84DT9GZUQYoiKR5oUZz9ftGioVSE+GbyVlA9dubiX953UQHVS9lYZxoGpLFR0HCkY7Q7Ho0YJISzSeGYCKZyYrICEtMtOkoZ0pYXYr+J62i7Zbs4m25UL9a1pGFEziFc3ChAnW4gQY0gYCAR3iGF0taT9ar9bYYzVjLnWP4Aev9C956kHg=</latexit>

I
<latexit sha1_base64="J8V+4b1Bu6oK9AgCnrThILwSYFY=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213RTe6q2Af0g4lk2ba0GRmSDJCGfoVblwo4tbPceffmL5ARQ8EDufcS849fsyZ0o7zaWXW1jc2t7LbuZ3dvf2D/OFRS0WJJLRJIh7Jjo8V5SykTc00p51YUix8Ttv++Grmtx+oVCwK7/Qkpp7Aw5AFjGBtpPuewHrkB+imny84dq1WKlcraEEuVqRSRq7tzFGAJRr9/EdvEJFE0FATjpXquk6svRRLzQin01wvUTTGZIyHtGtoiAVVXjoPPEVnRhmgIJLmhRrN1e8bKRZKTYRvJmcB1W9vJv7ldRMdVL2UhXGiaUgWHwUJRzpCs+vRgElKNJ8YgolkJisiIywx0aajnClhdSn6n7SKtluyi7flQv1yWUcWTuAUzsGFCtThGhrQBAICHuEZXixpPVmv1ttiNGMtd47hB6z3L+qakIA=</latexit>

⇡<latexit sha1_base64="JwI0omgGUDdUnIZox+qmNHBE0bQ=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw2SRJLegF48RzALJEHo6PUmTnp6mu0cMQz7CiwdFvPo93vwbOxuo6IOCx3tVVNULJGfaeN6ns7a+sbm1ndnJ7u7tHxzmjo5bOk4UoU0S81h1AqwpZ4I2DTOcdqSiOAo4bQfj65nfvqdKs1jcmYmkfoSHgoWMYGOldg9LqeKHfi7vubVaqVytoAW5XJFKGRVcb448LNHo5z56g5gkERWGcKx1t+BJ46dYGUY4nWZ7iaYSkzEe0q6lAkdU++n83Ck6t8oAhbGyJQyaq98nUhxpPYkC2xlhM9K/vZn4l9dNTFj1UyZkYqggi0VhwpGJ0ex3NGCKEsMnlmCimL0VkRFWmBibUNaGsPoU/U9aRbdQcou35Xz9ahlHBk7hDC6gABWoww00oAkExvAIz/DiSOfJeXXeFq1rznLmBH7Aef8COI2QKw==</latexit>

Incoherency preserves information



Fourier compressed sensing
• Randomly under-sampled Fourier matrix:

A
<latexit sha1_base64="TxzSYQ6a+Jc0ClVWii3FK2SbBrI=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3pi9Q0QOBwzn3knOPH3OmtON8Wpm19Y3Nrex2bmd3b/8gf3jUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp757QcqFYvCOz2JqSfwMGQBI1gb6b4nsB75Abrs5wuOXauVytUKWpCLFamUkWs7cxRgiUY//9EbRCQRNNSEY6W6rhNrL8VSM8LpNNdLFI0xGeMh7RoaYkGVl84DT9GZUQYoiKR5oUZz9ftGioVSE+GbyVlA9dubiX953UQHVS9lYZxoGpLFR0HCkY7Q7Ho0YJISzSeGYCKZyYrICEtMtOkoZ0pYXYr+J62i7Zbs4m25UL9a1pGFEziFc3ChAnW4gQY0gYCAR3iGF0taT9ar9bYYzVjLnWP4Aev9C956kHg=</latexit>



Fourier compressed sensing
• Randomly under-sampled Fourier matrix: incoherent

A
<latexit sha1_base64="TxzSYQ6a+Jc0ClVWii3FK2SbBrI=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3pi9Q0QOBwzn3knOPH3OmtON8Wpm19Y3Nrex2bmd3b/8gf3jUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp757QcqFYvCOz2JqSfwMGQBI1gb6b4nsB75Abrs5wuOXauVytUKWpCLFamUkWs7cxRgiUY//9EbRCQRNNSEY6W6rhNrL8VSM8LpNNdLFI0xGeMh7RoaYkGVl84DT9GZUQYoiKR5oUZz9ftGioVSE+GbyVlA9dubiX953UQHVS9lYZxoGpLFR0HCkY7Q7Ho0YJISzSeGYCKZyYrICEtMtOkoZ0pYXYr+J62i7Zbs4m25UL9a1pGFEziFc3ChAnW4gQY0gYCAR3iGF0taT9ar9bYYzVjLnWP4Aev9C956kHg=</latexit>AH

<latexit sha1_base64="OHdCord6JHdcYWZxi+r+sKBcZlE=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTddVrCt0BlLJs20oZkHSUYoQ3/DjQtF3Poz7vwbM32Aih4IHM65l3tyvJgzqSzr08itrW9sbuW3Czu7e/sHxcOjrowSQWiHRDwSdx6WlLOQdhRTnN7FguLA47TnTa4zv/dAhWRReKumMXUDPAqZzwhWWnKcAKux56PL+xYaFEuW2WhUqvUaWpCLFalVkW1ac5Rgifag+OEMI5IENFSEYyn7thUrN8VCMcLprOAkksaYTPCI9jUNcUClm84zz9CZVobIj4R+oUJz9ftGigMpp4GnJ7OM8reXiX95/UT5dTdlYZwoGpLFIT/hSEUoKwANmaBE8akmmAimsyIyxgITpWsq6BJWP0X/k27ZtCtm+aZaal4t68jDCZzCOdhQgya0oA0dIBDDIzzDi5EYT8ar8bYYzRnLnWP4AeP9C4QjkVw=</latexit>

I
<latexit sha1_base64="J8V+4b1Bu6oK9AgCnrThILwSYFY=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213RTe6q2Af0g4lk2ba0GRmSDJCGfoVblwo4tbPceffmL5ARQ8EDufcS849fsyZ0o7zaWXW1jc2t7LbuZ3dvf2D/OFRS0WJJLRJIh7Jjo8V5SykTc00p51YUix8Ttv++Grmtx+oVCwK7/Qkpp7Aw5AFjGBtpPuewHrkB+imny84dq1WKlcraEEuVqRSRq7tzFGAJRr9/EdvEJFE0FATjpXquk6svRRLzQin01wvUTTGZIyHtGtoiAVVXjoPPEVnRhmgIJLmhRrN1e8bKRZKTYRvJmcB1W9vJv7ldRMdVL2UhXGiaUgWHwUJRzpCs+vRgElKNJ8YgolkJisiIywx0aajnClhdSn6n7SKtluyi7flQv1yWUcWTuAUzsGFCtThGhrQBAICHuEZXixpPVmv1ttiNGMtd47hB6z3L+qakIA=</latexit>

⇡<latexit sha1_base64="JwI0omgGUDdUnIZox+qmNHBE0bQ=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw2SRJLegF48RzALJEHo6PUmTnp6mu0cMQz7CiwdFvPo93vwbOxuo6IOCx3tVVNULJGfaeN6ns7a+sbm1ndnJ7u7tHxzmjo5bOk4UoU0S81h1AqwpZ4I2DTOcdqSiOAo4bQfj65nfvqdKs1jcmYmkfoSHgoWMYGOldg9LqeKHfi7vubVaqVytoAW5XJFKGRVcb448LNHo5z56g5gkERWGcKx1t+BJ46dYGUY4nWZ7iaYSkzEe0q6lAkdU++n83Ck6t8oAhbGyJQyaq98nUhxpPYkC2xlhM9K/vZn4l9dNTFj1UyZkYqggi0VhwpGJ0ex3NGCKEsMnlmCimL0VkRFWmBibUNaGsPoU/U9aRbdQcou35Xz9ahlHBk7hDC6gABWoww00oAkExvAIz/DiSOfJeXXeFq1rznLmBH7Aef8COI2QKw==</latexit>



Fourier compressed sensing
• Randomly under-sampled Fourier matrix: incoherent

A
<latexit sha1_base64="TxzSYQ6a+Jc0ClVWii3FK2SbBrI=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3pi9Q0QOBwzn3knOPH3OmtON8Wpm19Y3Nrex2bmd3b/8gf3jUUlEiCW2SiEey42NFOQtpUzPNaSeWFAuf07Y/vp757QcqFYvCOz2JqSfwMGQBI1gb6b4nsB75Abrs5wuOXauVytUKWpCLFamUkWs7cxRgiUY//9EbRCQRNNSEY6W6rhNrL8VSM8LpNNdLFI0xGeMh7RoaYkGVl84DT9GZUQYoiKR5oUZz9ftGioVSE+GbyVlA9dubiX953UQHVS9lYZxoGpLFR0HCkY7Q7Ho0YJISzSeGYCKZyYrICEtMtOkoZ0pYXYr+J62i7Zbs4m25UL9a1pGFEziFc3ChAnW4gQY0gYCAR3iGF0taT9ar9bYYzVjLnWP4Aev9C956kHg=</latexit>AH

<latexit sha1_base64="OHdCord6JHdcYWZxi+r+sKBcZlE=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgaphpK213VTddVrCt0BlLJs20oZkHSUYoQ3/DjQtF3Poz7vwbM32Aih4IHM65l3tyvJgzqSzr08itrW9sbuW3Czu7e/sHxcOjrowSQWiHRDwSdx6WlLOQdhRTnN7FguLA47TnTa4zv/dAhWRReKumMXUDPAqZzwhWWnKcAKux56PL+xYaFEuW2WhUqvUaWpCLFalVkW1ac5Rgifag+OEMI5IENFSEYyn7thUrN8VCMcLprOAkksaYTPCI9jUNcUClm84zz9CZVobIj4R+oUJz9ftGigMpp4GnJ7OM8reXiX95/UT5dTdlYZwoGpLFIT/hSEUoKwANmaBE8akmmAimsyIyxgITpWsq6BJWP0X/k27ZtCtm+aZaal4t68jDCZzCOdhQgya0oA0dIBDDIzzDi5EYT8ar8bYYzRnLnWP4AeP9C4QjkVw=</latexit>

I
<latexit sha1_base64="J8V+4b1Bu6oK9AgCnrThILwSYFY=">AAAB8HicdVDLSgMxFL1TX7W+qi7dBIvgaphpK213RTe6q2Af0g4lk2ba0GRmSDJCGfoVblwo4tbPceffmL5ARQ8EDufcS849fsyZ0o7zaWXW1jc2t7LbuZ3dvf2D/OFRS0WJJLRJIh7Jjo8V5SykTc00p51YUix8Ttv++Grmtx+oVCwK7/Qkpp7Aw5AFjGBtpPuewHrkB+imny84dq1WKlcraEEuVqRSRq7tzFGAJRr9/EdvEJFE0FATjpXquk6svRRLzQin01wvUTTGZIyHtGtoiAVVXjoPPEVnRhmgIJLmhRrN1e8bKRZKTYRvJmcB1W9vJv7ldRMdVL2UhXGiaUgWHwUJRzpCs+vRgElKNJ8YgolkJisiIywx0aajnClhdSn6n7SKtluyi7flQv1yWUcWTuAUzsGFCtThGhrQBAICHuEZXixpPVmv1ttiNGMtd47hB6z3L+qakIA=</latexit>

⇡<latexit sha1_base64="JwI0omgGUDdUnIZox+qmNHBE0bQ=">AAAB7nicdVDJSgNBEK1xjXGLevTSGARPw2SRJLegF48RzALJEHo6PUmTnp6mu0cMQz7CiwdFvPo93vwbOxuo6IOCx3tVVNULJGfaeN6ns7a+sbm1ndnJ7u7tHxzmjo5bOk4UoU0S81h1AqwpZ4I2DTOcdqSiOAo4bQfj65nfvqdKs1jcmYmkfoSHgoWMYGOldg9LqeKHfi7vubVaqVytoAW5XJFKGRVcb448LNHo5z56g5gkERWGcKx1t+BJ46dYGUY4nWZ7iaYSkzEe0q6lAkdU++n83Ck6t8oAhbGyJQyaq98nUhxpPYkC2xlhM9K/vZn4l9dNTFj1UyZkYqggi0VhwpGJ0ex3NGCKEsMnlmCimL0VkRFWmBibUNaGsPoU/U9aRbdQcou35Xz9ahlHBk7hDC6gABWoww00oAkExvAIz/DiSOfJeXXeFq1rznLmBH7Aef8COI2QKw==</latexit>

Randomly under-sampled k-space
Variable-density: better matches image statistics

k-space



Compressed sensing reconstruction
• Intuition: alternate between denoising (thresholding) and data 

consistency

• Theory: Solve non-linear, iterative inverse problem
• L1-minimization promotes sparse solutions

min
x

||Tx||1

subject to ||y �Ax||2  ✏
<latexit sha1_base64="IKE5SRMWMvm16DjwyEkUeQ5LDC0="></latexit>

Basis pursuit denoising

||x||1 =
X

i

|xi|
<latexit sha1_base64="iEd5JHnzOQu5I762x1QP8mtYvwk=">AAACCnicdVDJSgNBEO2JW4xb1KOX0iB4CjNJJMlBCHrxGMEskIShp9OTNOlZ6O6RhEzOXvwVLx4U8eoXePNv7Gygog8KHu9VUVXPCTmTyjQ/jcTK6tr6RnIztbW9s7uX3j+oyyAShNZIwAPRdLCknPm0ppjitBkKij2H04YzuJr6jTsqJAv8WzUKacfDPZ+5jGClJTt9HMfQ9rDqOy4MIY5tCy6gLSPPZhDD0Gaxnc6Y2XI5XygVYU7Ol6RYACtrzpBBC1Tt9Ee7G5DIo74iHEvZssxQdcZYKEY4naTakaQhJgPcoy1NfexR2RnPXpnAqVa64AZCl69gpn6fGGNPypHn6M7p1fK3NxX/8lqRckudMfPDSFGfzBe5EQcVwDQX6DJBieIjTTARTN8KpI8FJkqnl9IhLD+F/0k9l7Xy2dxNIVO5XMSRREfoBJ0hCxVRBV2jKqohgu7RI3pGL8aD8WS8Gm/z1oSxmDlEP2C8fwE3hJn+</latexit>

S Chen, D Donoho. “Basis Pursuit,” Technical Report, Department of Statistics, Stanford University.



Compressed sensing reconstruction
• Intuition: alternate between denoising (thresholding) and data 

consistency

• Theory: Solve non-linear, iterative inverse problem
• L1-minimization promotes sparse solutions

Lasso

min
x

1

2
||y �Ax||2 + �||Tx||1

<latexit sha1_base64="R3I4BI9HfssVYQMvwh+6/2s8Ggo="></latexit>

||x||1 =
X

i

|xi|
<latexit sha1_base64="iEd5JHnzOQu5I762x1QP8mtYvwk=">AAACCnicdVDJSgNBEO2JW4xb1KOX0iB4CjNJJMlBCHrxGMEskIShp9OTNOlZ6O6RhEzOXvwVLx4U8eoXePNv7Gygog8KHu9VUVXPCTmTyjQ/jcTK6tr6RnIztbW9s7uX3j+oyyAShNZIwAPRdLCknPm0ppjitBkKij2H04YzuJr6jTsqJAv8WzUKacfDPZ+5jGClJTt9HMfQ9rDqOy4MIY5tCy6gLSPPZhDD0Gaxnc6Y2XI5XygVYU7Ol6RYACtrzpBBC1Tt9Ee7G5DIo74iHEvZssxQdcZYKEY4naTakaQhJgPcoy1NfexR2RnPXpnAqVa64AZCl69gpn6fGGNPypHn6M7p1fK3NxX/8lqRckudMfPDSFGfzBe5EQcVwDQX6DJBieIjTTARTN8KpI8FJkqnl9IhLD+F/0k9l7Xy2dxNIVO5XMSRREfoBJ0hCxVRBV2jKqohgu7RI3pGL8aD8WS8Gm/z1oSxmDlEP2C8fwE3hJn+</latexit>

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. J. Royal. Statist. Soc B., Vol. 58, No. 1, pages 267-288). 



Compressed sensing reconstruction
• Intuition: alternate between denoising (thresholding) and data 

consistency

• Theory: Solve non-linear, iterative inverse problem
• L1-minimization promotes sparse solutions

• Application: Combine with parallel imaging and non-Cartesian 
sampling



BART – MRI reconstruction toolbox
• Software framework for CS MRI

• Implements parallel imaging and CS
• Built in parallelism (CPU/GPU)

• Emphasis on
• Rapid prototyping
• Clinical feasibility / robustness
• Collaboration

• Open source, BSD license
http://mrirecon.github.io/bart/

UCB alumni, now at
Göttingen University

Prof. Martin Uecker

*Development supported by NIH, GE healthcare and by personal donation from David Donoho



12 month male (114 bpm)
Scan time: 11:05 min; Total acceleration: 15.0
Resolution: 0.9 x 0.9 x 1.4 mm3

VENC: (150, 150, 150) cm/s
Contrast: ferumoxytol

Cardiac-resolved volumetric phase contrast MRI (4D Flow)

powered by

BARTJY Cheng, et al., JMRI 43:1355-1368, 2016



Multi-contrast 3D FSE

J.I. Tamir et al., MRM 2016. doi: 10.1002/mrm.26102

Randomly shuffled echo trains

Compressed sensing in relaxation dimension

Virtual echo time (ms)

Si
gn

al

Volumetric, multi-contrast reconstruction

powered by

BART



Multi-contrast 3D FSE
Scan time: 7 minutes
Resolution: 0.8 x 0.8 x 1.2 mm3

J.I. Tamir et al., ISMRM 2017.



2GB k-space 100GB Image

1GB Compressed Representation

Multi-scale Low Rank

Scan time: 4m 40s

Temporal Res 580 ms

Matrix Size 392 x 318 x 165

Spatial Res 1 x 1 x 2.8mm3

Streaming Reconstruction
1 NUFFT per iteration

Extreme MRI: real-time dynamic imaging

From Frank Ong

Abstract # 1176
Multidimensional Signal Encoding Decoding

Thursday, 16 May 2019
Room 710B



Compressed Sensing MRI
1. Find a sparse transform representation

• Apply spatially, temporally, …

2. Sample k-space incoherently (random)
• Make artifacts look like noise

3. Reconstruct using sparsity-promoting 
iterative algorithm



Challenges
• Requires modification of the sequence

• Increased noise because of less data
• Unrelated to “noise-like” artifacts

• Artifacts from sparse denoising
• Blocking artifacts, over-smoothing, temporal blurring

• Difficulty choosing denoising threshold

• Increased computational complexity in reconstruction

Blocking artifacts
Over-smoothing
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